We consider quantization of the gravity-scalar field system in the minisuperspace approximation. It turns out that in the gauge fixed deparametrized theory where the scale factor plays the role of time, the Hamiltonian can be uniquely defined without any ordering ambiguity as the square root of a self-adjoint operator. Moreover, the Hamiltonian degenerates to zero and the Schrödinger equation becomes well behaved as the scale factor vanishes. Therefore, there is no technical or physical obstruction for the initial wave-function of the universe to be an arbitrary vector in the Hilbert space, which demonstrates the severeness of the initial condition problem in quantum cosmology.
Although quantum mechanics has a lot of intriguing features, the evolution dictated by the Schrödinger equation is fully deterministic, which is no more different than classical wave propagation. The wave-function is uniquely determined in time once the initial state is somehow specified at the beginning. In principle, the initial state can be arbitrarily chosen by the external agent preparing the system inasmuch as the freedom of choosing initial conditions in classical mechanics.
The situation seems to be different in an approach to quantum cosmology based on the Wheeler-DeWitt (WDW) equation due to its timeless characteristic. Some would argue that timelessness is a fundamental property of quantum gravity. One then hopes to impose certain (mathematically and physically motivated) boundary conditions for the WDW equation in quantum cosmology that are supposed to fix the wave-function of the universe uniquely. This, however, is not easily achievable and there are different viable suggestions like the no boundary [1] or the tunneling [2] proposals (see also [3, 4] for other alternatives and [5] for an attempt to determine the initial state by referring to the special dynamics of the loop quantum cosmology).
More recently, a Lorentzian path integral method based on the Picard-Lefschetz theory has been put forward as the basis of quantum cosmology and it has been claimed that both the no boundary and the tunneling proposals yield unsuppressed perturbations, thus they are problematic in the Lorentzian framework [6] [7] [8] [9] . This has raised a debate in the literature, see [10] [11] [12] [13] [14] [15] [16] [17] . The wave-function obtained by the Lorentzian path integral solves the WDW equation, at least in the minisuperspace model when the proper-time gauge is employed [18] , and the recent discussion is again centered around the WDW approach.
General relativity has many peculiarities that clearly distinguish it from a standard gauge theory of internal symmetries. To begin with the spacetime itself becomes dynamical rather than being a fixed background. Somehow relatedly, the "structure constants" of the gauge algebra of coordinate transformations turn out to be field dependent. Moreover, the Hamiltonian of general relativity vanishes and it becomes a constraint of the theory.
Nevertheless, all these properties do not imply a perfect timelessness and indeed general relativity admits an initial value formulation just like any other classical field theory. The absence of such a formulation would be a great drawback because, as the main observers of the universe, we definitely notice time evolution.
One may possibly quantize a gauge theory by first eliminating all redundant degrees of freedom, i.e. by fixing a gauge and solving the constraints, which only leave a set of basic variables to quantize (this is sometimes called deparametrization). Naturally, physics should not change for different gauge choices that may yield distinct variables. Although it may be difficult to show this equivalence, it is just a matter of consistency which must be satisfied by any reasonable theory describing nature. Hence, this is a perfectly valid approach which can also be applied to quantize gravity.
In this letter, we consider the system of a real selfinteracting scalar field minimally coupled to gravity in the minisuperspace approximation, which is the standard setup for slow roll inflation. This is a well known toy model of quantum cosmology; while the massless deparametrized theory is worked out in [19] , the WDW framework is studied in [20] . Here, we would like to consider the quantization of the deparametrized theory in a suitable gauge that generalizes the work of [19] to a massive scalar field. As we will see, this leads to an ordinary one-dimensional quantum mechanical system with a perfectly defined Hamiltonian, which is free from any ordering ambiguities and gives well defined time evolution. This should be compared to the timeless WDW description that suffers from ordering issues. Surprisingly, the Schrödinger equation turns out to be smoothly extendable through the big-bang singularity, so the model offers a way of resolving it in a simple manner.
To see these interesting features, let us start from the following standard action of gravity-scalar field system
where we set the Planck mass M p = 1. For the minisuperspace approximation, we take the metric as
and assume that all fields N , a and φ depend only on time t. The Ricci scalar of (2) can be calculated as
where the dot denotes the time derivative. Using these in (1) and applying an integration by parts give the standard minisuperspace action
The trivial integration over the spatial coordinates x in (1) yields the volume of space, which is absorbed in the scale factor. Thus, the mass dimensions of the variables can be identified as
The action (4) has the following gauge invariance up to surface terms
where k 0 refers to a purely timelike diffeomorphism. The corresponding Noether current, which actually becomes the Hamiltonian in the canonical formulation, can be calculated as
As discussed in [21] , the invariance of the action up to surface terms is enough to guarantee the existence and the conservation of the current, here dj 0 /dt = 0, and j 0 is the symmetry generator both in the classical and in the quantum theories.
To fix the gauge symmetry we will impose the following gauge condition
where a(t) is an arbitrary positive function obeyinġ a(t) > 0 (see [22] for an alternative approach). In fact, this gauge breaks down whenȧ = 0. To avoid this possibility, we assume V (φ) > 0 which divides the constrained phase space into two disconnected subspaces withȧ > 0 andȧ < 0. Eq. (8) is applicable in the subspace 1 witḣ a > 0. We note that one usually employs the propertime gaugeṄ = 0 in this minisuperspace model, which 1 If V (φ) = 0 say at φ = 0, thenȧ = 0 defines a line given by (a, Pa, φ, P φ ) = (a, 0, 0, 0) in the 3-dimensional constrained phase space. Therefore one can still use (8) , for instance in the path integral, since the set of all configurations passing through that line is presumably of measure zero and thus negligible. Still, we are not going to study this case here.
is appropriate for the WDW formalism, see e.g. [18] . However, the proper-time gauge is not suitable for deparametrization since N is already a non-propagating Lagrange multiplier. Let us now discuss how gauge fixing can be done in the Lagrangian and the Hamiltonian formalisms. In the Lagrangian approach, one can solve for N from its own equation of motion as
Note that this solution demands the expression inside the square root to be non-negative which is consistent with the constrained phase space in which the dynamics occurs. Since the solution is algebraic, one may use it back in the action (4) that gives
where in the second line we impose the gauge (8) . Here, the scale factor disappears as a dynamical variable and plays the role of time, and the scalar φ(a) survives as the only degree of freedom. Note that the arbitrariness related to the choice of a(t) in (8) also goes away automatically.
For the gauge fixing in the Hamiltonian formalism, one can first determine the conjugate momenta from (4) as
We treat N as a Lagrange multiplier and thus apply the Legendre transformation to other variables which gives the Hamiltonian as
The variation of N imposes the constraint Φ = 0 which can be solved to determine P a in terms of other variables,
Imposing dG/dt = {G, H} + ∂G/∂t = 0 fixes the lapse N = −12aȧ/P a . As pointed out above, the constrained phase spaces becomes the disjoint union of two subspaces with P a > 0 and P a < 0 when V (φ) > 0. Using the solution with P a < 0 that givesȧ > 0 and imposing the gauge (8) in (4) yield the following reduced action in the Hamiltonian form
Again there remains a single degree of freedom described by the canonical variables (φ, P φ ) and the scale factor plays the role of time. One can easily check that the gauge fixed actions (10) and (14) are related by a Legendre transformation. It is instructive to see how the above gauge fixing can be carried out in the canonical path integral approach. Among other things this derivation clarifies how the range of N integration must be chosen (this happens to be a source of debate in the literature). The unconstrained phase space path integral involves
where the action must be expressed in terms of the canonical variables as
The integration over N should produce a Dirac delta functional δ(Φ) to confine the remaining integrals on the constrained phase space. In that case N must certainly be integrated over (−∞, +∞) even though in the classical theory it can be defined in the range (0, +∞). For gauge fixing one must include δ(G) imposing the gauge condition and the accompanying Faddeev-Popov determinant det {G, Φ}. In the subspace P a < 0 corresponding tȯ a > 0, a simple calculation then gives
where S is given in (14) . As a result, we end up with a one-dimensional system governed by the Hamiltonian
which explicitly depends on "time" a. For quantization 2 one can introduce the Hilbert space of square integrable functions with the standard inner product
and represent the momentum operator as P φ = −i∂ φ . If V (φ) → ∞ as φ → ±∞ (and V (φ) > 0 as we have already assumed) then the essentially self-adjoint operator P 2 φ + 2a 6 V (φ) will have a discrete positive definite point spectrum (for any given a) and therefore its square root giving the Hamiltonian in (18) becomes a well-defined operator which can easily be expressed in the corresponding orthonormal eigenbasis. The Schrödinger equation i∂ a ψ = Hψ (20) can be formally solved by introducing the unitary evolution operator
where T denotes time ordering. All these are completely valid for any a > 0. One may think that the Hamiltonian (18) becomes problematic at a = 0, yet one should recall that it is implicitly defined as the square root of another operator whose spectrum happens to degenerate as a → 0. Thus, it might be possible to take a → 0 limit meaningfully by referring to a regular basis in the Hilbert space. To demonstrate this in an explicitly solvable example let us take
where Λ > 0 is a constant that ensures V (φ) > 0. In that case H becomes the square root of the harmonic oscillator Hamiltonian and the corresponding instantaneous orthonormal set of eigenfunctions are given by
where α = √ ma 3 and H n are Hermite polynomials. They satisfy ψ n |ψ m = δ nm and
(24) Note that ψ n has explicit time dependence through α.
Let us first work out the evolution of states in the basis (23) . Expanding the wave-function as
where dθ n /da = E n , the Schrödinger equation (20) can be seen to imply
One can check that the norm ψ|ψ = n |c n | 2 is preserved, as it should be, but the phases of c n diverge logarithmically as a → 0. On the other hand, the basis (23) to which c n components refer are also ill defined at a = 0. Hence, these equations can only be used for a > 0.
To study the evolution in an entirely regular basis one can take (23) at a fixed nonzero a, say at ma 3 = 1, which gives
These also form an orthonormal set of basis vectors in the Hilbert space λ n |λ m = δ nm , though they are not eigenstates of H except at ma 3 = 1. The matrix entries of H in this basis can be calculated as
Using (23), (27) and E k given in (24) one finds (after inserting proper M p factors) that
where C nm are a independent. Thus, H actually degenerates to the zero operator as a → 0. This somehow counterintuitive behavior arises because both the spectrum and the eigenfunctions of H vanish at a = 0, see (23) and (24). The Schrödinger equation can be extended through the moment a = 0 without any problem, namely once the initial state ψ(0) is specified at a = 0 its time evolution can be determined as
where U (a 2 , a 1 ), which is given in (21), can be calculated without any issues at a 1 = 0. The initial energy can be considered to vanish for any ψ(0) since the Hamiltonian degenerates to zero, which provides a concrete realization of the zero energy universe hypothesis [23] .
Can there be a way of determining ψ(0) in a natural way? In this minisuperspace model, the "big-bang" singularity at a = 0 is resolved and the evolution is well defined for any state in the Hilbert space. Since the Hamiltonian degenerates as a → 0, there is no ground state to be picked up as a plausible initial wave-function, which is sometimes considered as the most natural choice. Consequently, there seems to be no technical or physical reason for ψ(0) not to be an arbitrary state in the Hilbert space. Let us note that in this model a = 0 becomes the boundary of the spacetime and it is not possible the extend the geometry beyond it. Specifically, no bouncing configuration is allowed in the constrained phase space sinceȧ never vanishes.
One may see that a solution of (20) approximately obeys the WDW equation (with a specific ordering) Φψ = 0 provided that
From (28), the matrix entries can be shown to have the following asymptotic behavior
therefore (31) is satisfied and ψ becomes an approximate solution of the WDW equation at large times. One should however notice that while a WDW wavefunction Ψ(a, φ) gives a two-dimensional timeless probability distribution |Ψ(a, φ)| 2 dadφ in (a, φ) space, the wave-function ψ(a, φ) yields a probability distribution |ψ(a, φ)| 2 dφ for φ at any given time a. In any case, ψ(a, φ) is also a wave-function of the minisuperspace quantum gravity rather than being a state on a fixed background since its evolution involves sum over geometries in terms of the scale factor.
Despite being elementary, the present work signifies the severeness of the initial condition problem for the universe. There is no known and tested principle which restricts the initial state of a system completely or at least sufficiently. On the contrary, all our experience with physics taught us that the initial conditions are free by their nature.
The potential (22) is suitable for slow-roll chaotic inflation, which needs the inflaton scalar to acquire large values |φ| > M p in the semi-classical regime. One usually imagines that the scalar field randomly fluctuates and the regions in which this condition is met inflate. Such a picture seems to avoid any naturalness problem related to the likelihood of initial conditions yielding inflation. Nevertheless, it is hard to quantify these arguments and the exactly solvable toy model studied in this letter offers a good opportunity to illustrate the difficulties. For instance, given a normalized state ψ(φ) at some time, one may tend to identify the probability of inflation as p = 1 − Mp −Mp |ψ(φ)| 2 dφ. One may then think that in a universe with many regions, inflation seems inevitable irrespective of the state chosen even if it gives p ≪ 1. However, inflation requires the inflaton to be semi-classically localized around a definite value which can then be used in the classical Einstein's equations. Therefore, it is not clear, given an arbitrary state, how the scalar field can be thought to acquire a value unless a measurement is done. To avoid this problem one may assume that a well peaked Gaussian wave-function centered around some |φ| > M p is a suitable state for inflation. In that case the probability of inflation would become a calculable quantity if the initial state had been identified, which unfortunately appears impossible as we have shown. 
